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Abstract
Exactly solvable quantum theory of a singular at the origin scalar field with the
self-interaction of Liouville type is proposed. The mean value of the scale factor in
the FLRW metric as a function of conformal time is evaluated explicitly.
In our recent papers [1], [2] we have studied the quantum field models with functional
integrals being defined over the space of singular functions. Here, we propose a class of
exactly solvable quantum models of scalar gravity and using the method of the previous
papers give the explicit solution of the quantum problem.
For the last three decades low dimensional dilaton gravity has been caused a great
interest in various contexts.1
Due to the results of [4] and [5], [6] the quantization of 2-D gravity is reduced to the
quantization of the Liouville field theory (see also [7], [8] and [9]).
On the other hand, the most popular approach to explain the evolution of the universe
is based on the interaction of gravity with a scalar field. Various models of self-interacting
scalar fields have being used for this purpose starting with the pioneer papers on inflation
[10], [11], [12] and up to the recent ones (see, e.g.[13], [14]).
In this paper we consider a model of quantum scalar field with the classical action
A˜(ϕ) =
1
2
T∫
0
{
(ϕ˙(t))2dt− αλ eαϕ(t) + λ2 e2αϕ(t)
}
dt (1)
1For a review see e.g. [3].
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of a generic Liouville type. However, for the model to be exactly solvable the coefficients
at different terms are chosen in a special way. Moreover, as we will see later on, to evaluate
the functional integrals explicitly we need that α < 0 and λ < 0 .
Bearing in mind that the scale factor in conformal coordinates for the FLRW metric
is determined by the scalar field
g(t) ≡ a2(t) = e2ϕ(t) , (2)
we impose the boundary condition corresponding to initial singularity
g(0) = 0 , ϕ(0) = −∞ . (3)
In just the same way as we do it in [1], [2], by the substitution
ξ(t) = ϕ(t)− ϕ(0) + λ
t∫
0
eαϕ(τ)dτ (4)
we turn the quantum theory defined by the action A˜(ϕ) into that of the free field2
∫
X
F (ϕ) exp
{
−A˜(ϕ)
}
dϕ =
∫
C[0,1]
F (ϕ(ξ)) exp

−
1
2
T∫
0
(ξ˙(t))2dt

 dξ ≡
∫
C[0,1]
F (ϕ(ξ))w(dξ) . (5)
Here, X is the space of functions that have a singularity of the form ϕ ∼ − 1
α
ln t at the
origin t = 0 . And eq. (4) is understood as the limit of a regularized equation.
Actually, eq. (5) can be considered as the definition of the functional measure on the
space X (see [2]).
Note that the second term in the action A˜(ϕ) appears in left-hand side of eq. (5) as
the result of the Ito integral
t=T∫
t=0
λ eαϕ(t) dϕ .
Here we have omitted the boundary terms as they are unessential in the functional integral
(are canceled by the normalizing factor).
The validity of eq. (5) can be easily verified using the discrete version of Wiener
integrals. And for an invertible substitution
ξ(t) = ϕ(t) +
t∫
0
f(ϕ(τ))dτ (6)
the equality
∫
F (ξ) exp

−
1
2
1∫
0
(ξ˙(t))2dt

 dξ =
2As usual, the normalizing factors at functional integrals are set equal to 1.
2
∫
F (ξ(ϕ)) exp

−
1
2
T∫
0
(
(ϕ˙(t))2 + f 2(ϕ(t))− f ′(ϕ(t))
)
dt + b.t.

 dϕ (7)
can be proven as well.
The equality of the functional integrals (5) leads to the effect deduced in [2]. The
classical action A˜(ϕ) and the classical limit A(ϕ) of the corresponding quantum theory
turn out to be different.
The classical limit of the right-hand side of eq. (5) gives the equation
ξ¨(t) = 0 . (8)
Taking into account the boundary condition
ξ˙(T ) = 0 ,
we get the classical equation of motion
ξ˙(t) = 0 . (9)
Eq. (8) is equivalent to the equation
ϕ¨(t))− αλ2e2αϕ(t) = 0 , (10)
that is nothing else than the Euler-Lagrange equation of the action
A(ϕ) =
1
2
T∫
0
{
(ϕ˙(t))2dt+ λ2 e2αϕ(t)
}
dt , (11)
but not that of the action A˜(ϕ) ( eq. (1) ).
The true classical field ϕc(t) is, therefore, the solution of eq. (10)
ϕc(t) = −
1
α
ln(αλt) , α < 0, λ < 0 . (12)
Note that ξc(t) = 0 as it follows from eq. (9) and the initial condition ξ(0) = 0 .
If we inverse eq. (4) we get the explicit form of the function ϕ(ξ)
ϕ(t) = ξ(t)−
1
α
ln

αλ
t∫
0
eαξ(τ)dτ

 . (13)
Thus the scale factor a(t) in terms of ξ(t) looks like
a(t) = eϕ(t) = eξ(t)

αλ
t∫
0
eαξ(τ)dτ


−
1
α
. (14)
Now, in the quantum theory given by the action A˜(ϕ) we can evaluate the mean value
of the scale factor, moments and other quantities connected with it.
3
For the models with
α = −
1
n
, n = 1, 2, . . . ,
the evaluation can be performed explicitly (Wiener integrals are reduced to iterated Gaus-
sian integrals).
Let e.g. α = −1 . The mean value of the scale factor is
< a(t) >= −λ
∫
C[0,1]
eξ(t)
t∫
0
eαξ(τ)dτ w(dξ) = (−2λ)
(
e
t
2 − 1
)
. (15)
And the dispersion is
∆2a(t) =< a
2(t) > − < a(t) >2=
λ2
∫
C[0,1]
e2ξ(t)


t∫
0
eαξ(τ)dτ


2
w(dξ)− 4λ2
(
e
t
2 − 1
)2
=
1
3
λ2
(
2e2t − 12et + 16e
t
2 − 6
)
. (16)
At small t the mean value and the dispersion are
< a(t) >= −λ t (λ < 0) , ∆2a(t) =
1
3
λ2 t3 . (17)
As ∆a ∼ t
3
2 ≪ t at t small enough, there is a region where the mean value < a(t) > can
be considered as the exact value of the scale factor.
Note that singularities are used to cause obstacles in many conventional classical
theories. It is due to the singularity the classical action A˜ is inappropriate to describe the
dynamics of the universe.
In our approach the existence of singularities is essential for the adequate formulation
of quantum theory. In this way we can take into account quantum effects that not only
describe the dynamics at small t but modify the classical theory (changing A˜ to A).
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